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ABSTRACT A new statistical dynamic theory of polymeric glasses for temperatures below the glass transition 
is presented to address important questions in the glassy-state relaxation and physical aging. We have 
analyzed the hole dynamics and fluctuations on a fractal lattice and have provided a unified treatment of 
the KAHR (Kovacs-Aklonis-Huchinson-Ramos) equations, the KWW (Kohlrausch-Williams-Watts) function, 
the density of states, relaxation time, relaxation time spectrum, and the spatial-dependent local diffusivity 
of holes. The theory predicts that the physical aging rates of both linear and cross-linked polymers increase 
from zero above Tg to a constant below Tg and then decrease to zero 200 K below Tp In contrast to all the 
published expressions, our calculation reveals increasingly smaller activation energies with decreasing tem- 
perature in the glassy state. As our analysis is unfolded, a theoretical justification of extending Doolittle’s 
equation from the equilibrium liquid to nonequilibrium glassy states is also revealed. 

Introduction 
The fractal nature of flexible polymer chains in solution 

or melt has been studied extensively in recent 
The static and dynamic properties of polymeric fractals 
have been discussed at  least in terms of three basic fractal 
 dimension^.^,^ Such studies have already helped signif- 
icantly the advancement in the understanding of the 
structure-property relationships in polymer solutions and 
melts. But there is no comparable theoretical development 
in this area of research for polymeric glasses. The lack of 
progress of extending polymeric fractals from the liquid 
to glassy states may be due to the fact that the properties 
of glasses are not much affected by differences in molec- 
ular weight or molecular weight distribution but depend 
on the short-range motion of molecular segments6 There- 
fore, different equations of motion are needed in the glassy 
state. 

For high molecular weight polymers, the glassy-state 
relaxation is a result of the local configurational rear- 
rangements of molecular segments which are described 
by the hole motion. In fact, free volume has played a 
central role in the molecular interpretation of the glassy- 
state relaxation and physical aging.611 Besides, the Haus- 
dorff dimension, which links the mass (total chain length) 
and size (radius of gyration) scaling12 for macromolecules 
in solution or melt, does not even exist for holes. New 
scaling law and fractal dimension are therefore needed. 

Since all physical properties of glasses vary slowly in 
time and space, we shall analyze the fractal dynamic of 
holes in the region of small wavenumber or large wave- 
length in this paper. This provides us with a useful 
theoretical basis to discuss the multiorder-parameter 
equations, relaxation function, relaxation time, relaxation 
time spectrum, and physical aging. The newly derived 
equations are then utilized to calculate the structural 
relaxation and physical aging behavior of linear and cross- 
linked polymers far below Tg.  

Equation of Motion 
Consider a lattice consisting of n holes and n, polymer 

molecules of x monomer segments each. The total number 
of lattice sites is written in the form 

(1) 
where n << N and xn, is independent of time. It is 
important to mention that n(t) consists of both equilib- 

N ( t )  = n(t) + xn, 

r i m  and nonequilibrium contributions in the glassy state. 
For temperatures above Tg,  the nonequilibrium part of n 
goes to zero. The change of n(t) below Tg defines the 
glassy state. Minimizing the excess Gibbs free energy due 
to hole introduction with respect to the hole number, the 
temperature dependence of equilibrium hole fraction is 
given by8 

where t is the mean energy of hole formation, k is the 
Boltzmann constant, and the subscript r refers to the 
condition at  T = Tr, which is a fixed quantity near Tg.  
Equation 2 reveals that holes are created by raising the 
temperature and are eliminated by lowering it. The “bar” 
refers to the equilibrium as a fully relaxed state with the 
nonequilibrium hole fraction 

equal to zero, where iV is independent of time. 
Amorphous solids are not in thermodynamic equilib- 

rium. The departures from equilibrium for holes and bond 
rotations have been treated as a stochastic process. We 
have reported that the conformational activation energy 
controlling the rotational relaxation of bonds is between 
1 and 2 orders of magnitude lower than the hole activation 
energy:9 A(conformer) = 1.94 kcal/mol versus A(ho1e) = 
75.3 kcal/mol for poly(viny1 acetate), in the vicinity of the 
glass transition. As a result, the conformer relaxes much 
faster than the hole. Since all physical properties of glass 
vary slowly in time ( t ) ,  the dominant contribution to the 
structural relaxation and physical aging in glasses is from 
the hole. When the polymer is cooled from liquid to glass 
where the sample is annealed, the hole configurational 
space in the quenched and annealed glass is divided into 
regions separated by barriers. To include the spatial 
vector (r) into the analysis, n(t)  - R is related to the local 
excess of hole number density Gn(r,t) by integrating over 
the volume surrounding the individual hole 

n(t) - R = Gn(r,t) dr 

Due to its slow varying properties, polymeric glass has 
been assumedgJO to be ina state of quasi-equilibrium. Thus, 
the number of holes does not change very much during 
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isothermal annealing. The local configurational rear- 
rangements of molecular segments through the hole motion 
are considered as the dominant mechanism619 for the glassy- 
state relaxation and physical aging. The local excess of 
number density of a quenched glass relaxes by spreading 
slowly over the entire region and is governed by9J0 
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dilation symmetry shown in eq 8. Using the Fourier- 
Laplace transformation in time 

where W(rJr’) is the transition probability per unit time 
jumping from r’ to r and the integration is over the space. 
When the necessary condition of convergence is assumed, 
eq 4 can be rewritten as9J0 

aan(r,t) - 1 
- = -(-V)”bm(r)6n(r,t) (5) 

at m=l  m! 
where b m  is the mth moment of the transition rate W(r’1r) 

bm(r) = s (r’ - r)mW(r’lr) dr’ 

Equation 5 is a partial differential equation of infinite 
order and cannot be solved in general. Since all properties 
of glass vary slowly in space and time, the left-hand side 
of eq 5 can be truncated, and the motion of holes in response 
to molecular fluctuations is then treated as an anomalous 
diffusion process 

1 a 
(at - - V-D V 6n(r,t) = 0 

where D = b2/2 is the local diffusion constant. We have 
assumed here that the system is in a quasi-equilibrium 
state and in the absence of external field. Equation 6 
reveals that the dynamics of the hole are diffusive and not 
vibrational. Let us assume that initially 6n is nonzero 
only at r = 0. When D is a constant, the solution of eq 
6 displays the well-known Gaussian spreading. However, 
we have a spatial-dependent diffusion coefficient. Let us 
introduce the Fourier transform in space, 

6n(Q,t) = s Gn(r,t)e’Q’’ dr 

where Q is the wave vector of the fluctuation. Equation 
6 is generalized to the form 

a (at - DQ2+’)6n(Q,t) = 0 ( 7 )  

where v produces the fractal dimension d ,  which defines 
a self-similar scaling between wavenumbers 

Q - qyd, with d = - > o  2 + l J  (8) 

Fractal is by definition a set made of parts similar to the 
whole.l3 Self-similarity is the basic notion in fractal 
structure and is also a common feature for all scaling 
analyses. Therefore, the fractal dimension d is introduced 
in accordance with the spatial scaling, eq 8. The Q2+” 
dependence in eq 7 is an ansatz since the r dependence 
of D in eq 6 is not known. The consequences of this ansatz 
are broad and far reaching. Using eqs 7 and 8, we shall 
be able to derive the KAHR equations (eq 14), the KWW 
function (eq 191, the density of states (eq 271, and the 
stretched exponent (eq 34) and the spatial-dependent local 
diffusivity (eq 35) later. 

By using eq 8, eq 7 is transformed to 

where qy is the wavenumber on the fractal lattice, D, is a 
constant, and holes exhibit the Gaussian characteristics 
on the fractal lattice. The self-similarity of the fractal has 

we obtain from eq 9 

which solves the initial value problem and is normalized 
by N. Note that eq 10 is valid only for small wavenum- 
bers or large wavelengths. Defining the local relaxation 
time 

1 
7, = - 2 

D,q, 
the Fourier-Laplace inversion of eq 10 is 

where the summation is carried out over the wavenum- 
bers up to a cutoff qm. Equation 12 reveals that 6(q,,t) is 
the solution of 

df. d6,(t) Gi(t) --- _--- I -  

dt - dt ‘i 
(13) 

where the subscript i is identified with a particular wave- 
number on the fractal lattice. Since the index i has the 
meaning of a wave vector, eq 13 is a discrete version of a 
continuous equation. When a system is also under a tem- 
perature change such as cooling, eq 13 has to be modified 
by using 

dfi afi _-  -4 -=4-  dt aT kp 

Substitution of eq 13 and the above equation into the 
time derivative of eq 3 yields 

where q = dT/dt is the cooling rate (<O) and ti and f i  are 
defined in the same way as those in eq 2. In addition, f 
= Efi, t = Etifi/f, and L is an integer which corresponds 
to the maximum wavenumber qm. Equation 14 has the 
discrete form of the well-known KAHR (Kovacs-Aklonis- 
Huchinson-Ramos) equations,’* except it is derived and 
expressed in terms of microscopic parameters. 

Relaxation Function 

For a system started from equilibrium, the solution of 
eq 14 has the form8 

sf 
6(T,t) = 6i = -- - @(t - t’) dt’ (15) 

i k s b ,  
where @ is the relaxation function. The @(t)  here is 
basically a sum of exponential (see eq 11 in ref 8) so that 
there is naturally a stretched exponential present (see eq 
19). Different paths of time integration describe different 
thermal history behavior of the glassy-state relaxation and 
recovery kinetics. Some typical examples of thermal 
history paths for eq 15 were illustrated.* 



442 Chow Macromolecules, Vol. 25, No. 1, 1992 

In accordance with the anomalous diffiion p r o ” ,  eq 

(16) 
When the random process is Gaussian, we have / 3 =  1/2. 
As we mentioned earlier, there are regions of size (or length 
I) separated by energy barriers in an amorphous solid. 
This size is proportional to the time scale (A) needed for 
a hole to penetrate a barrier of height (A)15 

6, one e x p e ~ t s ~ ~ ’ ~  

(Ar2)’ I2 e R - to 0 < /3 I 1 

A 1 - x - exp(m) 

Thus 

(18) 

where a is the macroscopic time scale (shift factor). During 
isothermal annealing, the frozen-in structure of quenched 
glass starts to relax, and @(t) can be interpreted as the 
probability that holes have not reached their equilibrium 
states. The probability of a hole, in the ith wavenumber 
state, having reached equilibrium in a time interval t is 
(ni/n)(R/l) = RILL9 Thus, we write 

Combining the above equation with eq 18 yields 

where 7 = rp. The stretched exponential, eq 19, has the 
familiar form of the Kohlrausch-Williams-Watts (KWW) 
equation,16except that @ and 7 are not empirical constants 
in the present theory and they will be discussed in the 
next two sections. 

Relaxation Time 

In our lattice model, each lattice site occupies a single 
lattice cell of volume u. In view of the cooperative nature 
of the hole motion, the barrier energy in eq 17 is treated 
by a mean field average17 and is related to the Gibbs free 
energy per molecule (Ag) in a system restrained to single 
occupancy of cells by 

n = E ( t + p u - T A s )  n (20) 

wherep is pressure and is chosen to be zero in the preaent 
discussion and As is the configuration entropy per mol- 
ecule. As we mentioned earlier, since the physical prop- 
erties of glasses vary slowly in time, the system is in a 
quasi-equilibrium state. The entropy from hole motion 
can therefore be calculated approximately ad5 

Combining eqs 2, 18, 20, and 21 yields ‘ 
f + 6 -1/(8tf+W 

a(T, 6) = (r) (22) 

At  T = T,, we have 6 = 0, f = f r ,  and 7 = rr which require 
a = 1. In practice, the shift factor is measured on the 
logarithmic scale, and eq 12 is rewritten as 

In a( T ,  6) = - - 

Therefore 

In a(T, 6) 

Equation 23a may be called the “generalized” Doolittle 
equation. When T 1 Tgy we have 6 = 0 and eq 23a reduces 
to the exact form of the Doolittle16 (or WLF (Williams- 
Landel-Feny)l9) equation. Equation 23a can also be 
written in the form 

a,(T - TI)  + 6 
In a(T, 6 )  a! - a, = cfr/kT: (23b) 

of: 
In the vicinity of Tg, eq 23 together with eqs 2,15, and 19 
has already been utilized successively in analyzing the 
experimental measurements of volume relaxation and 
recovery,8 of yield and stress-strain behavi~r,l~*~O and of 
viscoelasticrelaxation.21122 We shall see that eq 22 extends 
the range of application far below T p  

Relaxation Time Spectrum 

The parameter of stretched exponential should be a 
function of local interaction, which is related to the nonzero 
v mentioned in eqs 7 and 8. Let us consider the hole 
density-density correlation function and write Green’s 
function 

The angular brackets denote an equilibrium ensemble 
average. G(r,t) is invariant under translations of r and t 
and vaniehes when r and/or t are very large. We look for 
the solution of the equation 

(25) 

where 6 is Dirac’s delta function. Following the same 
procedure led to eq 10, except by using two-sided Fourier 
time transform here, we obtain the solution of eq 25 

(E a - VeDV) G(r,t) = 6(r) 6( t )  

where p is the density of states. The number of modes per 
unit length along the hole path with wavenumber between 
Q and Q + dQ can be expressed in terms of the number 
of modes on the fractal lattice by using eq 8 

Using eq 11, we obtain 

dq,) dq, - qvd-‘ dq, - d7, (27) 
which, due to its diffusive nature, has a different time 
dependence than that of vibrational f ra~tons .~  Substi- 
tuting eq 27 into eq 26 leads to the asymptotic solution 

2 ,-dl2 

d iw ’ for WT, >> 1 (28) --- 

where 
1 7 = -  (29) 

is the macroscopic relaxation time. The change in the 
state of glass during isothermal annealing is accompanied 
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by dissipation (absorption) of energy, which is related to 
the hole density fluctuations. In accordance with the 
method of the generalized s~sceptibil i ty,~~ the viscoelas- 
tic loss modulus (E”), which measures the energy dissi- 
pation, is determined from eq 28 as 

E”(w) - Im G(w) - r-d/2 (30) 
In general, the viscoelastic relaxation modulus can be 
written in the form 

E(t) = E, + (Eo - E,)@(t) (31) 
where Eo and E, are the unrelaxed and relaxed moduli, 
respectively. While this equation has the same form for 
different bulk, shear, or tensile moduli, B and a are 
independent of the type of stress fields applied to the 

Substitution of eq 19 into the above equation 
gives the loss modulus2’ 

E” - (-i)”+’r(mp + 1) -=E sin (mBal2) (32) 

where r is the gamma function. The leading term provides 
a useful asymptotic expression in the glassy state 

E0-E- m=l  m! (UT)”’ 

E”(w)  - (UT)-’, for w7 >> 1 (33) 
Comparing eqs 30 and 33 yields 

(34) 
d 1  @ = - = -  
2 2 + v  

When we look a t  eqs 27 and 28, eq 34 confirms the 
customary way of relating @ of the stretched exponential 
function, eq 19, to the relaxation time spectrum. The 
glassy-state relaxation is dominated by the part of the 
spectrum having longer relaxation times. Parallel to eq 
8, eqs 18 and 34 give us another self-similar scaling between 
the relaxation time scales A and a. This extends the use 
of dilation symmetry from space to time in polymeric 
glasses. 

The fractal dynamics of holes are diffusive, and the dif- 
fusivity depends strongly on the tenuous structure in frac- 
tal lattices. Using eqs 16 and 34, we obtain the dependence 
of the local diffusion coefficient (D)  on the diffusion length 

(35) 
R2 
2t 

The physics behind the divergence of the diffusivity in eq 
35 at R = 0 for Y > 0 was revealed when the fractal 
dimension had been introduced in eq 7 together with a 
spatial scale transformation, eq 8. For linear polymers, 
the diffusion coefficient is spatially independent and @ = 
0.5. In cross-linked polymers, the connectivity of hole 
motions decreases significantly because holes encounter 
many dead ends and the diffusion coefficient decreases 
rapidly with distance. Matching the motion of holes and 
the chain motions in terms of the segmental mobility (or 
diffusivity) of an ideal phantom network, we findl0 that 
v = 4 (@ = 1/6). We have also shown in ref 10 that the 
spectral dimension of this chain network is 413, which 
corresponds to percolation on the infinite cluster. Our 
theoretical predictions compare well with @ = 0.48 and 
0.19 obtained from fitting experimental data of linem8~~7,~~a 
and highly cross-linked20b-21 polymers, respectively. 

Physical Aging 

The new equations, eqs 22 and 34, together with eqs 2, 
15, and 19 provide the basic theoretical relationships for 
the prediction of the structural relaxation and physical 
aging of polymeric glasses far below Tg. There are five 

(R)  as 

D = - - R-’ 
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Table I 
Input Parameters for Theoretical Calculations 

polymers linear X-linked 
Tr, K 373 373 
rr, min 30 30 
P 112 116 
e, kcal/mol 4.8 kTr = 3.554 l.2c1inellr = 4.265 
fi 1130 3fr,linee+ = 1/10 

parameters (e, 0, fI, 71, Tr) in these equations. Let us 
consider the case where both linear and cross-linked 
polymers have the same Tr and r r  and have the theoretical 
B obtained in the last section. The hole energy e is related 
to TI by tlkTr = c,24 where c is chosen to be 4.8 for a linear 
polymer like polystyrene. Since the value of c increases 
with an increase in the lattice coordinate number,24 a larger 
c is expected for cross-linked system like epoxy resins. As 
a result of stronger cooperative interaction among holes 
(larger v or smaller p) in cross-linked polymers, the cooling 
process contributes more free volume frozen-in near the 
glass transition2’ (larger f I ) .  These effects on t and fr are 
included in Table I. 

When polymer is cooled from liquid to glass, the 
departure from a Doolittle-WLF dependence to an eq 22 
type of relaxation time scale is as shown in Figure 1. To 
evaluate the thermal history dependent integral, eq 15, 
dt‘ is replaced by dT’Iq, f l P  is treated as a function of T‘, 
and t - t’ = (T - T’)/q in the cooling step.” The cooling 
rate is 1 K/min. The integration starts at t = 0 where the 
cooling step begins at  an elevated liquid temperature TO 
2 T, + 10 K. The calculated transitions in In a in the 
vicinity of Tg are consistent with those reported obser- 
vations for linear and cross-linked systems.21v22 

Following eq 22, we obtain the activation energy 

(36) 
where a = $/f/k!P. In contrast to all the published 
e x p r e s ~ i o n s l ~ J ~ * ~ ~  which are developed for T > T,, the 
present theory shown in Figure 2 reveals that the activation 
energy controlling the relaxation process decreases with 
a decrease in temperature. Interestingly, AH drops to 
less than 10 kcal/mol at  low temperatures, which is 
consistent with observed sub-T, relaxations. Further dis- 
cussions will be published elsewhere. We also see in Figure 
2 that the cooling rate has little effect on AH in the glassy 
state, and its main effect is related to the kinetic shift of 

Struik has introduced an exponent ( p )  to characterize 
the physical aging observed in his isothermal creep 
ex~eriments.~5 

a(T,t) - t@ (37) 
at long aging time t. To calculate the aging exponent p, 
in addition to cooling step mentioned earlier, the relaxation 
function in eq 15 is written in the form: @(t - t’) = @[(T 
- T’)/qT + ( t  - t ~ ) / ~ l  in the annealing step, where tl = (T 
- To)/q and t - t’ ranges in logarithmic time scale (in h) 
from -1 to 2.9J7 Noting17 

Pf:d(ln t )  = aI d T  
we obtain the temperature dependence of physical aging 
rate 

Tg. 

In the vicinity of glass transition (T- TI), eq 38 approaches 
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5.0 . Pdyne~ 

2 5 -  Lvwur 
, p o h F a  

2 .5  lp.1 wmin . 

-im -75 -50 -25 0 25 

T.T, K 

.50 ' ' . ' ' ' " '  

Figure 1. Calculated shift factors (solid curves) of linear and 
cross-lied polymers as a function of temperature. 

" 
-100 -50 0 50 

T.T,, K 

Figure 2. Prediction of increasingly smaller activation energies 
for linear and croes-linked polymers with decreasing tempera- 
ture in the glassy state. 

an earlier reported e x p r e ~ s i o n ' ~ * ~ ~ ~ ~ ~  
1 d6 

p=-- -  a, d T  (39) 

which goes to zero for T > Tg, and eq 36 becomes 

A H E q 1 - p )  (40) 
B f r  

which provides a simple relationship between AH and p 
for interpreting the transition of the relaxation time near 
Tg as mentioned in Figure 1. The dependence of the 
physical aging rate on temperature for the h e a r  and cross- 
linked polymers is shown in Figure 3. The calculation 
reveals that the Struik exponent (p) increases from zero 
above Tg to a constant less than 1 below Tg and then 
decreases to zero 200 K below TB' The two polymers all 
show a similar type of temperature dependence of physical 
aging rate. The reported data (see Figure 15 of ref 25) on 
p of linear polymers compare very well with our theoretical 
prediction. There is no experimental data for cross-linked 
polymers. 
Conclusions 

A fractal dynamic theory of hole motion and fluctuations 
in polymeric glasses for temperatures below Tg is devel- 
oped. Using the ansatz eq 7 and the spatial scale 
transformation eq 8, we have derived the KAHFt equations, 
the KWW function, the density of states, the stretched 
exponential, and the spatial-dependent local diffusivity 
of holes. A unified physical picture to relate them has 
emerged. 

The glassy-state relaxation is dominated by the part of 
the spectrum having longer relaxation times. A new 

.6 . 

-200 -150 -lW -50 0 50 

T.T,, K 

Figure 3. Calculated dependence of physical aging rate on tem- 
perature for linear and cross-linked polymers. 

equation, eq 22, is derived to describe the dependence of 
relaxation time on temperature far below TB' This 
equation provides a theoretical justification of extending 
Doolittle's equation from the equilibrium liquid to non- 
equilibrium glassy states. 
All the new equations are finally used in the calculation 

of the low-temperature structural relaxation and physical 
aging of linear and cross-linked polymers. In contrast to 
all the published expressions, the present new theory 
predicts that the activation energy controlling the struc- 
tural relaxation and physical aging decreases with de- 
creasing temperature in the glaesy state. Our calculation 
also reveals that the physical aging rates of both linear 
and highly cross-linked polymers increase from zero above 
Tg to a constant below Tg and then decrease to zero 200 
K below TB' 
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